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ON A POINCARE´ LEMMA FOR SINGULAR
FOLIATIONS AND GEOMETRIC QUANTIZATION
EVA MIRANDA AND ROMERO SOLHA
Abstract. In this paper we prove a Poincare´ lemma for forms
tangent to a foliation with nondegenerate singularities given by an
integrable system on a symplectic manifold. As a consequence, the
Kostant complex in Geometric Quantization is a fine resolution of
the sheaf of flat sections when the polarization is spanned by the
Hamiltonian vector fields of the first integrals of this integrable
system.
1. Introduction
In [17] Vu Ngoc and the first author of this paper proved a sin-
gular Poincare´ lemma for the deformation complex of an integrable
system with nondegenerate singularities. This complex is defined us-
ing a Chevalley-Eilenberg complex [4] associated to a representation
by Hamiltonian vector fields of this integrable system on the set of
functions (modulo basic functions). The initial motivation for [17] was
to give a complete proof for a crucial lemma used in proving a de-
formation result for pairs of local integrable systems with compatible
symplectic forms. This deformation proves a Moser path lemma which
is a key point in establishing symplectic normal forms a` la Morse-Bott
for integrable systems with nondegenerate singularities ([5], [6], [13]).
This normal form proof can be seen as a a “infinitesimal stability theo-
rem implies stability” result in this context (see [14]). So the Poincare´
Date: January 23, 2013.
Both authors have been partially supported by the DGICYT/FEDER project
MTM2009-07594: Estructuras Geometricas: Deformaciones, Singularidades y Ge-
ometria Integral until December 2012 and by the MINECO project GEOMETRIA
ALGEBRAICA, SIMPLECTICA, ARITMETICA Y APLICACIONES with ref-
erence: MTM2012-38122-C03-01 starting in January 2013. This research has also
been partially supported by ESF network CAST, Contact and Symplectic Topology.
1
2 EVA MIRANDA AND ROMERO SOLHA
lemma turns out to be an important ingredient in the study of the
symplectic geometry of integrable systems with singularities.
In this paper, we prove a Poincare´ lemma for foliated cohomology
associated to the singular foliation defined by the Hamiltonian vector
fields of an integrable system and we find applications to Geometric
Quantization. The proof of the Poincare´ lemma for foliated cohomol-
ogy for 1-forms can be deduced from the singular Poincare´ lemma of
the deformation complex using a de Rham division lemma. One can
implement these techniques to deduce the higher degree case from the
degree 1-case.
Once this result is proved, we obtain as a corollary a singular Poincare´
lemma in the context of Geometric Quantization. This Poincare´ lemma
turns out to be handy because it allows to compute a sheaf cohomol-
ogy associated to Geometric Quantization. The foliation associated
to an integrable system is a generically Lagrangian foliation, hence it
makes sense to consider it as a real polarization with singularities. Po-
larizations are used in Geometric Quantization to make the necessary
choices to define the representation space. As a first step to define a
representation space a pair (L,∇) of a complex line bundle over the
manifold together with a compatible Hermitian connection is fixed: the
curvature of this connection is −iω. A real polarization is just a La-
grangian foliation of the manifold and thus the connection is flat along
the leaves of the polarization. This flatness condition allows to solve
the equation ∇Xs = 0 locally for sections of the line bundle and vec-
tor fields which are tangent to the polarization. This is the starting
point for the definition of the representation space associated to this
choice of polarization. As observed by Kostant, in the real polariza-
tion case, these sections are not globally defined along the leaves 1. In
this case it makes sense to define Geometric Quantization as the coho-
mology groups with coefficients in the sheaf of flat sections along the
polarization. This is the point of view adopted in [9, 10, 11, 15]. The
Poincare´ lemma that we prove in this paper allows to compute this
sheaf cohomology a` la de Rham from a complex which is nothing but
1The leaves that admit global sections defined along them are called Bohr-
Sommerfeld leaves.
A SINGULAR POINCARE´ LEMMA FOR FOLIATED COHOMOLOGY 3
the foliated cohomology complex twisted by the sheaf of sections of the
bundle which are flat along this polarization.
Organization of this paper: In section 2 we describe the geometry
of the singular foliations considered in this paper. We recall in section
3 the singular Poincare´ lemma for a deformation complex contained
in [17]. We revisit in section 4 the proof of Poincare´ lemma using ho-
motopy operators provided in [8], and we indicate how to apply these
techniques to prove a Poincare´ lemma for regular foliations. In section
5 we prove the main result in this paper: which is a Poincare´ lemma
for the complex of tangential forms to a singular foliation given by an
integrable system with nondegenerate singularities. Finally, in Section
6, we give an application of this result to Geometric Quantization prov-
ing that the cohomology of line bundle valued polarized forms is a fine
resolution of the sheaf of sections which are flat along the polarization,
and therefore it can be used to compute Geometric Quantization with
singularities via a de Rham approach.
2. Singular foliations given by nondegenerate
integrable systems
An integrable system on a symplectic manifold (M2n, ω) is given by
a set of generically independent functions F = (f1, . . . , fn) satisfying
{fi, fj} = 0,∀i, j. The mapping F : M2n −→ Rn given by F =
(f1, . . . , fn) has been classically known as moment map.
The distribution generated by the Hamiltonian vector fields Xfi is
involutive because [Xfi , Xfj ] = X{fi,fj}. It spans an integrable distri-
bution which has maximal rank at the points where the functions are
functionally independent. In this case, the leaf of the foliation inte-
grating the distribution is Lagrangian because the following equality
holds 0 = {f1, fj} = ω(Xfi , Xfj), and the vector fields Xfi are tangent
to the fibers of F = (f1, . . . , fn). At a singular point for F , the orbit
of the foliation given by the Hamiltonian fields is isotropic.
There is a notion of nondegenerate singular points which was initially
introduced by Eliasson ([5],[6]). We may consider different ranks for
the singularity. To define the k-rank case we reduce to the 0-rank
case considering a Marsden-Weinstein reduction associated to a natural
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Hamiltonian Tk-action ([29],[18]) given by the joint flow of the moment
map F .
We denote by (x1, y1, . . . , xn, yn) a set of coordinates centered at the
origin of R2n and by ω the Darboux symplectic form ω =
∑n
i=1 dxi∧dyi
in this neighborhood.
In the rank zero case, since the functions fi are in involution with
respect to the Poisson bracket, the quadratic parts of the functions fi
commute, defining in this way an Abelian subalgebra of Q(2n,R) (the
set of quadratic forms on 2n-variables). We say that these singularities
are of nondegenerate type if this subalgebra is a Cartan subalgebra.
Cartan subalgebras of Q(2n,R) were classified by Williamson in [28].
Theorem 2.1 (Williamson). For any Cartan subalgebra C of Q(2n,R)
there is a symplectic system of coordinates (x1, y1, . . . , xn, yn) in R
2n
and a basis h1, . . . , hn of C such that each hi is one of the following:
(2.1)
hi = x
2
i + y
2
i for 1 ≤ i ≤ ke , (elliptic)
hi = xiyi for ke + 1 ≤ i ≤ ke + kh , (hyperbolic)hi = xiyi + xi+1yi+1,hi+1 = xiyi+1 − xi+1yi for i = ke + kh + 2j − 1,1 ≤ j ≤ kf (focus-focus pair)
Observe that the number of elliptic components ke, hyperbolic com-
ponents kh and focus-focus components kh is therefore an invariant of
the algebra C. The triple (ke, kh, kf ) is an invariant of the singularity
and it is called the Williamson type of C. We have that n = ke+kh+2kf .
Let h1, . . . , hn be a Williamson basis of this Cartan subalgebra. We de-
note by Xi the Hamiltonian vector field of hi with respect to ω. Those
vector fields are a basis of the corresponding Cartan subalgebra of
sp(2n,R). We say that a vector field Xi is hyperbolic (resp. elliptic) if
the corresponding function hi is so. We say that a pair of vector fields
Xi, Xi+1 is a focus-focus pair if Xi and Xi+1 are the Hamiltonian vector
fields associated to functions hi and hi+1 in a focus-focus pair.
In the local coordinates specified above, the vector fields Xi take the
following form:
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• Xi is an elliptic vector field,
(2.2) Xi = 2
(
−yi ∂
∂xi
+ xi
∂
∂yi
)
;
• Xi is a hyperbolic vector field,
(2.3) Xi = −xi ∂
∂xi
+ yi
∂
∂yi
;
• Xi, Xi+1 is a focus-focus pair,
(2.4) Xi = −xi ∂
∂xi
+ yi
∂
∂yi
− xi+1 ∂
∂xi+1
+ yi+1
∂
∂yi+1
and
(2.5) Xi+1 = −xi ∂
∂xi+1
+ yi+1
∂
∂yi
+ xi+1
∂
∂xi
− yi ∂
∂yi+1
.
Assume that F is a linear foliation on R2n with a rank 0 singularity
at the origin p. Assume that the Williamson type of the singularity
is (ke, kh, kf ). The linear model for the foliation is then generated by
the vector fields above, it turns out that these type of singularities
are symplectically linearizable and we can read of the local symplectic
geometry of the foliation from the algebraic data associated to the
singularity (Williamson type).
This is the content of the following symplectic linearization result
[5],[6] and [13],
Theorem 2.2. Let ω be a symplectic form defined in a neighborhood U
of the origin p for which F is generically Lagrangian, then there exists
a local diffeomorphism φ : (U, p) −→ (φ(U), p) such that φ preserves
the foliation and φ∗(
∑
i dxi ∧ dyi) = ω, with xi, yi local coordinates on
(φ(U), p).
Futhermore, if F ′ is a generically Lagrangian foliation and has F as
a linear foliation model near a point, one can symplectic linearize F ′
(see [13]).
This is equivalent to Eliasson’s theorem [5, 6] in the completely el-
liptic case.
There are normal forms for higher rank which have been obtained
by the first author together with Nguyen Tien Zung [13, 18] also in the
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case of singular nondegenerate compact orbits. In the more general
case, a collection of regular vector fields is attached to it.
3. A singular Poincare´ lemma for a deformation complex
This section revisits the main results contained in [17].
Consider the family Xi of singular vector fields given by Williamson’s
theorem above which form a basis of a Cartan subalgebra of the Lie
algebra sp(2r,R) with r ≤ n.
With all this notation at hand we can now state the main result of
[17]
Theorem 3.1 (Miranda and Vu Ngoc). Let g1, . . . gr, be a set of germs
of smooth functions on (R2n, 0) with r ≤ n fulfilling the following com-
mutation relations
(3.1) Xi(gj) = Xj(gi), ∀i, j ∈ {1, . . . , r}
where the Xi’s are the vector fields defined above. Then there exists a
germ of smooth function G and r germs of smooth functions fi such
that,
(3.2) Xj(fi) = 0 , ∀ i, j ∈ {1, . . . , r} and
(3.3) gi = fi +Xi(G) , ∀ i ∈ {1, . . . , r} .
Vu Ngoc and the first author of this paper also included in [17] an
interesting reinterpretation of this statement in terms of the deforma-
tion complex associated to an integrable system. We think that it is
instructive to explain this succinctly here.
The deformation complex is defined in two steps: first we define a
Chevalley-Eilenberg complex associated to a representation by Hamil-
tonian vector fields associated to the components of the moment map,
and then we “quotient out” by the basic functions for the foliation. The
cohomology groups associated to this complex are denoted by Hk(h).
We refer the reader to [26] and [17] for more details.
Using the same notation of the last section, let h = 〈h1, . . . , hn〉R
and Ch = {f ∈ C∞(R2n) ; Xh(f) = 0, ∀ h ∈ h}. The set h is an
Abelian Lie subalgebra of (C∞(R2n), {·, ·}) and Ch is its centralizer.
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The components of the moment map induce a representation of the
commutative Lie algebra Rn on (C∞(R2n), {·, ·}),
(3.4) Rn × C∞(R2n) 3 (v, f) 7→ {h(v), f} ∈ C∞(R2n) .
Where, denoting by (e1, . . . , en) a basis of R
n, v = v1e1 + · · · + vnen
and
(3.5) {h(v), f} = v1X1(f) + · · ·+ vnXn(f) .
We can consider two Chevalley-Eilenberg complexes with the above
action in mind, and the deformation complex is built from them. The
first is the Chevalley-Eilenberg complex of Rn with values in C∞(R2n).
The second is the Chevalley-Eilenberg complex of Rn with values in
C∞(R2n)/Ch, with respect to this action, Rn acts trivially on Ch.
If α is a 1-cocycle, then for any smooth function gi with α(ei) = [gi] ∈
C∞(R2n)/Ch the commutation condition Xi(gj) = Xj(gi) is fulfilled.
Now Theorem 3.1 says that there exists a function G such that gi = fi+
Xi(G), so [gi] = [Xi(G)] and this is exactly the coboundary condition.
Theorem 3.1 combined with theorem 2.2 can be, then, reformulated
as follows:
Theorem 3.2 (Miranda and Vu Ngoc). An integrable system with
nondegenerate singularities is C∞-infinitesimally stable at the singu-
lar point, that is,
(3.6) H1(h) = 0.
4. Homotopy operators and a regular Poincare´ lemma
for foliated cohomology
Let us recall the following construction due to Guillemin and Stern-
berg [8] which generalizes, in a way 2, the classical proof of Poincare´
lemma.
Consider Y ⊂ M an embedded submanifold and let φt be a smooth
retraction from M to Y . Given any smooth k-form α, the following
2The proof contained in [27] makes a particular choice of retraction on star-
shaped domains
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formula holds,
(4.1) α− φ∗0(α) =
∫ 1
0
d
dt
φ∗t (α) =
∫ 1
0
φ∗t (ιξtdα)dt+ d
∫ 1
0
φ∗t (ιξtα)dt
where ξt is the vector field associated to φt. Thus, defining I(α) =∫ 1
0
φ∗t (ιξtα)dt, this gives the identification with the classical formula,
(4.2) α− φ∗0(α) = Id(α) + d(I(α)) .
Now assume that α is a closed form, formula 4.2 yields α− φ∗0(α) =
d(I(α)), and therefore I(α) is a primitive for the closed k-form α −
φ∗0(α).
This has been classically applied considering retractions to a point
in contractible sets or to retractions to the base of a fiber bundle. In
Geometry, this technique is extremely useful to produce homotopy of
special closed forms which can be connected by a path, like closed
two forms defining symplectic structures in a neighborhood of a dis-
tinguished submanifold. In the context of Symplectic and Contact Ge-
ometry, a refinement of this homotopy formula leads to the so-called
Moser’s path method [19]. As said before, fomula 4.2 does not, a priori,
give a primitive for α but for the difference α− φ∗0(α)3.
This approach using the general homotopy formula of Guillemin and
Sternberg has the advantadge that some choices on the retraction can
be done in such a way that the vector field ξt is tangent to special di-
rections in M , thus, allowing an adaptation to the foliated cohomology
case. In particular we can prove a Poincare´ lemma for foliated coho-
mology of a regular foliation, since we can consider local coordinates
in which the foliation is given by local equations dxp = 0, . . . , dxn = 0.
And we can consider as homotopy (x1, . . . , txp, . . . , txn) and the vector
field ξt is tangent to the relevant foliation. After applying this homo-
topy operators we need to take care of finding a primitive for φ∗0(α)
which is constant along the foliation, but this can be done by a simple
integration. A similar approach is considered in [21] to give vertical
homotopy operators for basic cohomology of regular fibrations.
3 When the retraction is (tx1, . . . , txn), the vector field ξt is the radial vector
field and this formula gives a primitive for α and it coincides with the one of Warner
[27].
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Also observe that since we can add parameters in the formula 4.2, it
gives a direct proof of the parametric Poincare´ lemma.
One could try to mimic similar formulae to prove a singular Poincare´
lemma for a foliation given by an integrable system with nondegenerate
singularities. The main issue of adapting such a proof is the smoothness
of the procedure.
5. A Poincare´ lemma for singular foliations
The main objective of this section is to prove a Poincare´ lemma for
foliations.
5.1. Foliated cohomology. Let (M,F) be a foliated manifold. The
foliation can be thought as a integrable (in the Sussmann’s sense [25])
distribution, i.e.: F = 〈X1, . . . , Xm〉C∞(M) and it is a Lie subalgebra of
(Γ(TM), [·, ·]). Only when the foliation is regular F defines a subbundle
of TM , which is often denoted by TF .
The foliated cohomology is the one associated to the cochain complex
(5.1)
0 −→ C∞F (M) ↪→ C∞(M) dF−→ Ω1F(M) dF−→ · · · dF−→ ΩmF (M) dF−→ 0 ,
where ΩkF(M) =
∧k F∗ and dF is the restriction of the exterior deriv-
ative, d, to the distribution directions.
Whilst the de Rham complex is a fine resolution of the constant
sheaf R on M , when a Poincare´ lemma exists, the foliated cohomology
is a fine resolution of the sheaf of smooth functions which are constant
along the leaves of the foliation.
5.2. A singular Poincare´ lemma for 1-forms in foliated coho-
mology. In what follows when we say foliated cohomology, we mean
foliated cohomology of the integrable system with nondegenerate singu-
larities. We would also like to remark that we are using the statement
3.1 which was initially proved for nondegenerate singularities of rank
0 in [17], but this result admits an extension to singularities of higher
rank (simply by applying the parametric trick explained in the proof
of the regular Poincare´ lemma). The statements are included here for
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rank 0 nondegenerate singularities, but they are valid for higher rank
singularities.
The classical Poincare´ lemma for de Rham 1-forms asserts that a
closed 1-form on a smooth manifold is locally exact. In other words,
given m-functions gi on an m-dimensional manifold for which
∂
∂xi
(gj) =
∂
∂xj
(gi) there exists a local smooth function G such that gi =
∂
∂xi
(G).
Now assume that we have a set of r functions gi and a set of r
vector fields Xi of a Williamson type with a singularity at a point p
and fulfilling a commutation relation of type Xi(gj) = Xj(gi).
A priori, theorem 3.1 does not directly yield a Poincare´ lemma for
foliated 1-forms. We will try to apply this Poincare´ lemma for defor-
mation complex to obtain a Poincare´ lemma for foliated cohomology.
First we need to understand how to express foliated forms as com-
bination of distinguished singular one forms in order to see how both
Poincare´ lemmata for different complexes are related.
The following result from Moussu, which is a smooth version of de
Rham’s division lemma (see [20]), is a first step in this direction:
Theorem 5.1 (Moussu). Let η be a smooth 1-form on a neighborhood
of the origin in Rn for which the origin is an algebraically isolated
singularity. Then for any smooth p-form σ, 0 < p < n, such that
σ ∧ η = 0 we can factorize σ as σ = ζ ∧ η for a smooth (p− 1)-form ζ.
Define ηi =
1
2
(xidyi − yidxi) for elliptic and hyperbolic components,
and ηi =
1
4
(xiyi + xi+1yi+1)d
[
ln
(
y2i+y
2
i+1
x2i+x
2
i+1
)]
and ηi+1 =
1
2
(xiyi+1 −
xi+1yi)d
[
arctan
(
xiyi−xi+1yi+1
xiyi+1+xi+1yi
)]
for focus-focus pairs. Observe that if
α ∈ Ω1F(R2n) then α∧η1 · · ·∧ηn = 0. Outside the set ∪{xi = 0, yi = 0},
it is obvious that we can find smooth functions such that α =
∑
iAiηi.
The problem is to see that these smooth functions Ai extend to smooth
funtions at {xi = 0, yi = 0}, for this we need to “divide out” by the
singularities. This can be achieved thanks to an application of the
division lemma above.
This is the content of the following lemma,
Lemma 5.1. Given a local foliated 1-form, there exists a collection of
local smooth functions Ai such that α =
∑
iAiηi.
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Proof. Assume the dimension of the manifold is 2n. Let us prove it by
induction on n. If n = 1, the origin (0, 0) is an algebraically isolated
singularity and the result follows directly from theorem 5.1.
Now assume that the lemma holds for n = k let us prove it for k+ 1.
Let us first assume that fk+1 does not belong to a focus-focus pair.
We cannot apply directly the division lemma because the singularity is
not isolated but we can reduce the induction hypothesis by considering
the following trick: take the difference β = α − α|TSk+1 where Sk+1 is
the submanifold given by equations xi = cte, yi = cte. for i = k + 1.
We can apply the induction hypothesis to β since β ∧ ηk+1 = 0 by
considering parametric version of the division lemma (with parameters
x1, y1, . . . , xk, yk) to obtain β = Ak+1ηk+1(smoothness on (xk+1, yk+1)
is guaranteed by theorem 5.1 and smoothness on the other variables
comes directly from parametric dependence). On the other hand since
α|TSk+1 ∧ η1 ∧ · · · ∧ ηk = 0 and because the singularity is isolated (we
play the parametric trick again) we can apply the induction hypothesis
to αTSk+1 . This yields, αTSk+1 =
∑k
i Aiηi . Now adding this expression
to β we obtain α =
∑k+1
i Aiηi for certain local smooth functions Ai.
In the case fk+1 belongs to a focus-focus pair, we can proceed in a
similar way but applying the trick and then considering the restriction
to a submanifold of type xk+1 = 0, yk+1 = 0, xk+2 = 0, yk+2 = 0.
This ends the proof of the lemma. 
We can apply this lemma to prove the following proposition,
Proposition 5.1. With respect to a singular foliation given by a com-
pletely integrable system, any α ∈ Ω1F(R2n) which is closed is indeed
exact. That is to say, there exists a function H such that dF(H) = α.
Proof. Because of lemma 5.1 we can write α =
∑
iAiηi, and the
condition of being closed implies that Xi(hjAj) = Xj(hiAi), where
h1, . . . , hn is the basis for the Cartan subalgebras in Williamson’s the-
orem 2.1. Thus, we apply theorem 3.1 to obtain hiAi = fi + Xi(G)
with Xj(fi) = 0. Substituting this last expression in α =
∑
iAiηi, one
has α − dF(G) =
∑
i
fi
hi
ηi, and, on the other hand, lemma 5.1 gives
α− dF(G) =
∑
iBiηi, which guarantees that the
fi
hi
are smooth.
It is important to note that ηi = hidsi with
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• elliptic si = 12arctan
(
yi
xi
)
for i = k + 1, ..., ke,
• hyperbolic si = 12 ln
∣∣∣ yixi ∣∣∣ for i = ke + 1, ..., ke + kh,
• focus-focus si = 14 ln
(
y2i+y
2
i+1
x2i+x
2
i+1
)
and si+1 =
1
2
arctan
(
xiyi−xi+1yi+1
xiyi+1+xi+1yi
)
for i = ke + kh + 2m− 1, m = 1, ..., kf .
Having reached this point, we can easily check that α = dF(H) for
(5.2) H =
∑
i
fi · si +G ,
where the functions fi · si are smooth because fihi are smooth functions.

5.3. Higher degrees. In this subsection we give a sketch of the proof
of the Poincare´ lemma for higher degrees. In [16] we will provide a
detailed proof of this result, using a generalized division lemma for fo-
liated forms and a generalization of decomposition results for functions
with respect to a Williamson basis, as the ones contained in [17] and
[13], to foliated forms.
Theorem 5.2. A local closed foliated k-form α is exact when the singu-
lar, nondegenerate, foliation is given by a completely integrable system.
That is to say, there exists a local (k − 1)-form β such that dFβ = α.
Before proceeding with the proof, we claim here that we can easily
prove a generalization of Lemma 5.1 to higher degrees (for details see
[16]). The method of proof is again an induction from Moussu division’s
lemma 5.1 which works for k-forms. For the sake of simplicity , we just
enclose the statement here:
Lemma 5.2. Given a local foliated k-form α, there exists a collection
of local smooth functions Ai1,...,ik such that
(5.3) α =
∑
i1,...,ik
Ai1,...,ikηi1 ∧ · · · ∧ ηik .
The idea that we sketch here is to adapt similar techniques as the
ones used for the standard Poincare´ lemma to the singular case. There
are two well-known proofs of the Poincare´ lemma: one is based on
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explicit homotopy operators [8] and [27] and the other one uses an
induction procedure [1]4.
As we explained in section 4,the homotopy formula 4.2 associates a
(k − 1)-form to a k-form.
In the singular case we could simply try to apply this formula con-
sidering as retraction φt = (h1, . . . , hn, ts1, . . . , tsn), where the si are
the “singular coordinates” defined in the proof of Proposition 5.1. It
is very important to point out that if we consider this retraction, the
associated vector field ξt is tangent to the foliation.
Using lemma 5.2, any tangential form can be written as a smooth
combination α =
∑
i1,...,ik
Ai1,...,ikηi1 ∧ · · · ∧ ηik . We can then check that
this retraction, even if expressed in singular coordinates, when plugged
in the integral formula gives a smooth (k − 1)-form β = I(α).
Indeed, we could also argue here that we know that there is a smooth
solution for 1-forms from the previous subsection and we know that two
formal solutions just differ by a basic function. This would yield that
formula works for 1-forms, an inductive proof would yield the rest.
In [16] we provide a complete proof which uses directly the inductive
proof of Poincare´ lemma(see for instance [1]) and develops the technical
tools to obtain the necessary division lemmata.
6. An application to Geometric Quantization
6.1. Prequantization. This subsection deals with some concepts needed
to define wave functions. The first attempt was to see them as sections
of a complex line bundle over the symplectic manifold, the so-called
prequantum line bundle. The other notion described here, the polar-
ization, is a way to define a global distinction between momentum and
position.
Definition 6.1. A symplectic manifold (M,ω) such that [ω] is inte-
gral is called prequantizable. A prequantum line bundle of (M,ω) is
a Hermitian line bundle over M with connection, compatible with the
Hermitian structure, (L,∇ω) that satisfies curv(∇ω) = −iω.
4We should say here that indeed this last one can also be deduced from [8].
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Example 6.1. Any exact symplectic manifold satisfies [ω] = 0; in
particular cotangent bundles with the canonical symplectic structure.
In that case the trivial line bundle is an example of a prequantum line
bundle.
The following theorem5 [12] provides a relation between the above
definitions:
Theorem 6.1 (Kostant). A symplectic manifold (M,ω) admits a pre-
quantum line bundle (L,∇ω) if and only if it is prequantizable.
A real polarization TF is an integrable subbundle of TM whose
leaves are Lagrangian submanifolds. But due to the examples above,
another definition is considered.
Definition 6.2. A real polarization F is an integrable (in the Suss-
mann’s [25] sense) distribution of TM whose leaves are generically La-
grangian. The complexification of F is denoted by P and will be called
polarization.
From now on (L,∇ω) will be a prequantum line bundle and P the
complexification of a real polarization of (M,ω).
6.2. Geometric Quantization a` la Kostant. The original idea of
Geometric Quantization is to associate a Hilbert space to a symplectic
manifold via a prequantum line bundle and a polarization. Usually
this is done using flat global sections of the line bundle. In case these
global sections do not exist, one can define Geometric Quantization via
higher cohomology groups by considering cohomology with coefficients
in the sheaf of flat sections.
The existence of global flat sections is a nontrivial matter. Actually
Rawnsley [22], and later Solha [24], showed that the existence of a
S1-action may be an obstruction for nonzero global flat sections.
In order to use flat sections as analogue for wave functions one is
forced to work with delta functions with support over Bohr-Sommerfeld
leaves, or deal with sheaves and higher order cohomology groups. Both
5This result is also attributed to Andre´ Weil, Introduction a` l’e´tude des varie´te´s
ka¨hle´riennes (1958).
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approaches can be found in the literature6, but here only the sheaf
approach, as suggested by Kostant, is treated.
Definition 6.3. Let J denotes the space of local sections s of a pre-
quantum line bundle L such that ∇ωXs = 0 for all vector fields X of
a polarization P . The space J has the structure of a sheaf and it is
called the sheaf of flat sections.
Considering the triplet: prequantizable symplectic manifold (M,ω),
prequantum line bundle (L,∇ω), and polarization P ;
Definition 6.4. The Quantization of (M,ω,L,∇ω, P ) is given by
(6.1) Q(M) =
⊕
k≥0
Hˇk(M ;J ) ,
where Hˇk(M ;J ) are Cˇech cohomology groups with values in the sheaf
J .
Remark 6.1. Even thoughQ(M) is just a vector space and a priori has
no Hilbert structure, it will be called Quantization. The true Quantiza-
tion of the triplet (M,ω,L,∇ω, P ) shall be the completion of the vector
space Q(M), after a Hilbert structure is given, together with a Lie al-
gebra homomorphism (possibly defined over a smaller set) between the
Poisson algebra of C∞(M) and operators on the Hilbert space. In spite
of the problems that may exist in order to define Geometric Quantiza-
tion using Q(M), the first step is to compute this vector space.
6.3. Line bundle valued polarized forms. Following Rawnsley [22],
given a prequantizable symplectic manifold with polarization, it is pos-
sible to construct a fine resolution for the sheaf of flat sections. Using
the results presented in section 5 it is even possible to do it when the
polarization has nondegenerate singularities, in the Morse-Bott sense.
The restriction of the connection ∇ω to the polarization induces a
linear operator
(6.2) ∇ : Γ(L)→ P ∗ ⊗C∞(M ;C) Γ(L)
6Rawnsley cites works of Simms, S´niatycki and Keller in [22].
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satisfying (by definition) the following property:
(6.3) ∇(fs) = dPf ⊗ s+ f∇s ,
for f ∈ C∞(M ;C) and s ∈ Γ(L), where dP is the restriction of the
exterior derivative to the distribution directions.
Definition 6.5. The space of line bundle valued polarized forms is
SP
•(L) =
⊕
k≥0
SkP (L), where S
k
P (L) =
∧k P ∗ ⊗C∞(M ;C) Γ(L).
So ∇ : S0P (L) → S1P (L) and SP •(L) has a module structure which
enables an extension of ∇ to a derivation of degree +1, d∇ : SP •(L)→
SP
•(L), as follows.
The space of polarized forms, ΩP
•(M) =
⊕
k≥0
k∧
P ∗, is the complexi-
fication of ΩF•(M), and it acts on SP •(L) via wedge product: the space
of line bundle valued polarized forms is a ΩP
•(M)-module. Then we
have for any α ∈ ΩkP (M) and β = β ⊗ s ∈ SlP (L),
(6.4) d∇β = d∇(β ⊗ s) = dPβ ⊗ s+ (−1)lβ ∧∇s ,
and
(6.5) d∇ ◦ d∇β = curv(∇ω)∣∣
P
∧ β .
Since ω = i · curv(∇ω) vanishes along P , then d∇ ◦ d∇ = 0 and d∇
is a coboundary operator.
6.4. A Poincare´ lemma for polarized forms. Here there is a proof
showing that the underlying complex given by d∇ and the space of line
bundle valued polarized forms, named the Kostant complex, is a fine
resolution for the sheaf of flat sections when the polarization comes
from a nondegenerate integrable system. This part of the paper was
first announced in [23].
If SkP (L) denotes the associated sheaf of SkP (L), one can extend d∇
to a homomorphism of sheaves; d∇ : SkP (L) → Sk+1P (L). S0P (L) ∼= S,
the sheaf of sections of the line bundle L, and J is isomorphic to the
kernel of d∇ : S → S1P (L). Because d∇ ◦ d∇ = 0, one is able to build a
sequence.
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Definition 6.6. The Kostant complex is
(6.6) 0 −→ J ↪→ S ∇−→ S1P (L) d
∇−→ · · · d∇−→ SnP (L) d
∇−→ 0 .
One proves that the above sequence of sheaves is exact using the
following results:
Lemma 6.1. For a polarization with nondegenerate singularities P
there is always a local unitary flat section on each point of M .
Proof. Let W ⊂M be a trivializing neighborhood of L with a unitary
section s : W ⊂ M → L. Since ∇s ∈ S1P |W (L|W ) there is a α ∈
Ω1P |W (W ) such that ∇s = α ⊗ s. The condition d∇ ◦ d∇ = 0 implies
dPα = 0;
0 = d∇(∇s) = d∇(α⊗ s) = dPα⊗ s− α ∧∇s
= dPα⊗ s− (α ∧ α)⊗ s = dPα⊗ s .(6.7)
By the Poincare´ lemma for singular foliations (theorem 5.2) there exists
a neighborhood V ⊂ W and f ∈ C∞(V ;C) such that dPf = α|V .
Setting r = e−fs|V ,
(6.8)
∇r = e−f∇s|V + dP (e−f )⊗ s|V = e−f (α⊗ s)
∣∣
V
− e−fdPf ⊗ s|V = 0 ,
so r is a unitary flat section of L|V . 
As a consequence of the existence of unitary flat sections, elements of
SkP (L) which are closed can be interpreted as germs of closed polarized
k-forms taking values on the sheaf J .
Corollary 6.1. Let ΩkP , C∞C and C∞P be the sheaves associated to
ΩkP (M), C
∞(M ;C) and C∞P (M ;C). Then SkP (L) ∼= ΩkP ⊗C∞C J and
ker(d∇) ∼= ker(dP )⊗C∞P J .
Proof. By lemma 6.1, for each point on M there exists a trivializing
neighborhood V ⊂ M of L with a unitary flat section s : V ⊂ M →
L. If α ∈ SkP (L) it can be locally written as α
∣∣
V
= α ⊗ s, where
α ∈ ΩkP |V (V ). If also d∇α = 0, then dPα = 0, because d∇(α ⊗ s) =
dPα⊗ s+ (−1)kα ∧∇s, s 6= 0 and ∇s = 0. 
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Corollary 6.2. The sheaves SkP (L) are fine and torsionless, and the
sheaf J is torsionless.
Proof. Lemma 6.1 implies that the stalks of J are free modules over
the ring of smooth complex valued functions constant along P , so it
is torsionless: s = fr is flat if and only if f ∈ C∞P (V ;C), supposing r
unitary flat over V ;
(6.9) ∇s = ∇(fr) = dPf ⊗ r + f∇r .
Γ(L) and ΩkP (M) are free modules over the ring of smooth complex
valued functions of M , and by that, it admits partition of unity. Thus
the tensor product ΩkP ⊗C∞C S = SkP (L) is fine and torsionless. 
So, corollary 6.1 together with the Poincare´ lemma for singular foli-
ations (theorem 5.2) implies the exactness of (6.6).
Let us recall the abstract de Rham theorem [3].
Theorem 6.2 (Abstract de Rham theorem). Let M be a man-
ifold (smooth and paracompact) and J a sheaf on it. For each fine
(torsionless) resolution {SkP (L), d∇} of J ,
(6.10) Hˇ(M ;J ) ∼= ker(d
∇ : SkP (L)→ Sk+1P (L))
im(d∇ : Sk−1P (L)→ SkP (L))
for all k.
Wherefore, applying corollary 6.2 with the abstract de Rham theo-
rem, the following holds:
Theorem 6.3. The Kostant complex is a fine torsionless resolution
for J . Therefore, each of its cohomology groups, Hk(SP •(L)), are
isomorphic to Hˇk(M ;J ).
Remark 6.2. The only property of L that was used is the existence
of flat connections along P . Any complex line bundle would do, not
only a prequantum one, in particular the tensor product between a
prequantum line bundle and a bundle of half forms normal to P : the
results here work if metaplectic correction is included.
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